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Distortions Induced by a Magnetic Field in Planar
Aligned Samples of Smectic-C Liquid Crystals

IAIN W. STEWART

Department of Mathematics, University of Strathclyde, Livingstone Tower,
26 Richmond Street, Glasgow G1 1XH, United Kingdom

This article presents some preliminary theoretical results for the onset of the Helfrich-Hurault
transition in smectic-C liquid crystals induced by a magnetic field applied parallel to the
smectic layers. An energy in terms of the smectic layer displacement u is minimized via aver-
aging to enable the calculation of a critical field strength H, for the onset of layer distortions.

Keywords: smectic C; layer distortions; Helfrich-Hurault instability

INTRODUCTION

This article exploits a model for layer distortions in smectic-C lig-
uid crystals subjected to an applied magnetic field. There are well
known results for determining a critical magnetic field magnitude
H, for the onset of layer distortions in infinite samples of smectic-A
where the transition from uniformly aligned planar layers to undu-
lated layers is known as the Helfrich-Hurault transition. To extend
these results from the smectic-A case to smectic-C a novel possible
energy formulation is used. A critical H, value will be calculated in
a simple case. The motivation for this work comes from that of Hel-
frich [1] and Hurault {2] who examined infinite samples of cholesteric
liquid crystals under the influence of magnetic fields. The derivation
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of critical field magnitudes for infinite samples of smectic-4 can be
found in de Gennes and Prost [3] and Chandrasekhar [4].

Liquid crystals consist of elongated molecules whose average molec-
ular axes locally align along a common direction in space which is
usually denoted by the unit vector n, called the director. Smectic-C
liquid crystals are known to form equidistant parallel layers in which
n makes an angle 8 (the smectic tilt angle) with respect to the layer
normal. Smectic-4 occurs when § = 0. Following de Gennes and
Prost [3], smectic-C is described by the unit layer normal a and a
vector ¢ which is the unit orthogonal projection of n onto the smec-
tic planes (see Fig.1). The director n is then given via the equation

n=acosf + csinf. (1)
a
N n
w Z
h >C y>x

FIGURE 1 Planar samples of smectic C described in
cartesian coordinates. The director n is tilted at an angle
@ to the layer normal a; ¢ is the unit orthogonal projection
of n onto the smectic planes. H is the magnetic field.

From their definitions the vectors a and ¢ must satisfy the con-
straints

a-a=c-c=1, a-c=0, (2)

since these vectors are clearly unit and orthogonal. It is also mathe-
matically convenient to introduce the unit vector b defined by

b=axc. (3)

In the absence of dislocations the layer normal a is subject to the
additional constraint, due to Oseen [5],

UVUxa=0. (4)
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This constraint is known to restrict the available types of equilib-
rium structures consisting of undistorted parallel layers which form
planes, concentric cylinders, spheres and the more complex struc-
tures consisting of concentric circular tori, Dupin cyclides (3,6,7] and
parabolic cyclides {8-11). It is expected therefore that when layer
undulations or distortions occur then the above Oseen constraint in
equation (4) will be broken. The construction of a suitable energy
which incorporates small layer distortions is based upon relaxing the
constraints (2) and (4) and examining the consequent changes to
the usual (undistorted layer) smectic-C' bulk energy. This approach
has been employed in the planar aligned smectic-A phase in refer-
ences [3,4] and in a more general setting for smectic-A by Kleman
and Parodi {12], whose methods have been adapted for our purposes
in the next section.

The bulk elastic energy integrand w, for a non-chiral smectic-C
liquid crystal can be written in terms of the derivatives of a and ¢
as [13]
wy=13An(V-a)’ + 1By(V-c)* +1B(a- V x ¢)* + 1Bs(c- V x ¢)?

+ %(24411 + A12 + Azl + B3)(b V x 0)2

- %(21411 + 24 + Bs)(v . a)(b -V x c)

— Bj3{(a-Vxce)c:-Vxc)

+(C1+Ca—By3)(V-c)(b-V xc) - Co(V-a)(V-c), (5)
where the elastic constants A;, B; and C; are related to those intro-
duced by the Orsay Group [14]6 the minor modification being that
Ay = —%Aﬁ"“” and C, = —C; ™. Other equivalent formulations
can be found in [13] while a physxcal interpretation of the elastic con-

stants has been discussed by Carlsson et al [15]. It is known that
these constants obey the inequalities, among others [15],

A12: A217 Bl) vB% B3 > 0. (6)

These constants are estimated to be of the order 10~7 to 10~ dynes
{cgs), as in nematics [3). Further a priori inequalities have been
derived by Atkin and Stewart [16]: one of particular relevance here is

By + Ay + 202 > 0. (7)

It will also be relevant later to note that the smectic tilt angle de-
pendence of the elastic constants can be approximated for small 4
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by [15]
Ap=K+A18%, An=K+2A0 An=-K+Aub (8)
Bl = §102, Bg = —3202, B3 = §302, (9)
B13 = §1303, Cl = 610, Cz = 620, (10)

where K, A;, B; and C; are assumed only to be weakly temperature
dependent. The elastic constant K > 0 is the usual splay constant
which arises in the smectic-A phase elastic energy, given by [3,4]

wy = 3K (V -n)%. (11)
The magnetic energy density is generally given by [3, p.287)
W = —3xa(n - H)? (12)

where H is the magnetic field and x, is the magnetic anisotropy of
the liquid crystal. When x, > 0 the director prefers to align parallel
with the magnetic field; n will tend to align perpendicular to the field
when x, < 0. We shall assume that x, > 0 and that H is applied in
the z direction as shown in Fig.1. In this case, the director will be
attracted by the field in such a way that the layers can be expected
to distort when H = |H| is greater than some critical value H,.

ENERGIES

It is possible to develop the energies given above in terms of the
layer displacement u = u(z,y,2). From the work of Kléman and
Parodi [12], the usual smectic layer compression energy wy, is given
by

wy, = 1Bul. (13)

The layer compression constant B describes the elastic resistance to
changes in the smectic layer thickness: it is estimated to be of the
order 107 dynes/cm? (cgs) in smectic-A, for example [12,17]. This
term remains valid for smectic C also.

In the general derivation of the bulk elastic energy there is a need
to retain up to second order in u and its derivatives when working with
a and c to guarantee that all the correct terms to second order appear
in the final (quadratic) energy: this is especially true for geometries
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other than planar as is the case in the work of Kleman and Parodi [12]
for smectic-A. In the planar aligned smectic-A case working to first
order in u is sufficient, but in smectic-C more care is needed in, for
example, the construction of the magnetic energy density because
of the additional symmetries inherent in this phase. Further, this
approach lends itself to adaption in later work for smectic-C in non-
planar geometries.

Working to second order in u and its derivatives we can set, as in
previous work on SmC* liquid crystals subjected to electric fields [18],

a = (~us(l+u;),—uy(l+u,),1- 3+ ul)), (14)
c = (1-i(ui+ ul), uy(1 + u,), ug(l +u;) + uZ), (15)

which, from (3), leads to
b = (—uy(1 +uy +u;),1 — “12;’ uy(l — ug + u,)). (16)

It is a simple exercise to verify that the smectic-C constraints in
equation (2) are then satisfied to second order in u. The quantity
V x a is small and does not vanish; as mentioned above, this is as
anticipated and is analogous to the situation in [12]. The choice of ¢
is driven by the following observation. Given the geometry of Fig.1,
the director appears more likely to align further with the applied
magnetic field along the z axis rather than the y axis in the initial
stages of reorientation. Looking locally in the zz plane, an initial
small perturbation in ¢ ought to be like (1,0, u,) when a & (~u,,0,1)
if y dependence is ignored.

Straightforward calculations involving the above versions of a, b
and c lead to the bulk energy wj in (5) being reinterpreted as

Wy = %Auu:, + %(Bz + Ag + 2Cg)u;‘)m + %Bgu:z + %BS'”:z
+1(B1 + By — 2Bis)u?, + 1(2B13 — B3 — 2411 — 20 )uzstyy
+(Bz+ Cﬁ)uyyuzz + (BIS— B3)uzyuyz + (Bla'- Cl)umuu. (17)
The integrand expressions in w, can be simplified following the meth-

ods outlined in [3, p.343]. Integrating by parts with respect to z and
again with respect to z shows that for any volume Q

/ui,dﬂ:/uuu,,dﬂ+31, (18)
a )
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where S) is a surface contribution to the total energy. Similar terms
can also be calculated. Terms which only ever enter the energy when
evaluated at a boundary surface can be considered as not influencing
the bulk layer orientation: their presence, as noted in [12], would
merely shift the total energy by a constant, of no physical significance
when the boundary conditions are ignored. Terms involving u, can
be ignored since they will be dominated by Bu2 in wy. Applying
formulae such as the above, omitting the u,, terms and neglecting
surface contributions gives

wy = %Auu:,, + %(Bg‘f‘ A21+ 202)’1145” + é(Bl - 2(A11+ Cl))u,,uw
+ (B2 — B3 + B3 + Ca)uyyuz, + (Bis — C1)ugzltg,. (19)

Putting a, ¢ and H = (H,0,0) into (1) and (12) gives, to second
order,

W = —5XaH* (cos(26)u3 + sin® O(1 — u2) — sin(20)u,u,),  (20)

the contribution in u; obviously being integrated to an evaluation
on the boundaries. Although w,, has an unfamiliar appearance, it is
particularly worthwhile to draw attention to the special case for wy,
when 8 = 0. For § = 0 the magnetic energy density ought to collapse
to that for the smectic-A phase, and indeed

Wy = _%XnquZv (21)

in this case, exactly the form used by de Gennes and Prost {3, p.363]
when considering the geometry in Fig.1 for smectic-A with x, > 0.
The expression for wy, in equation (20) for smectic-C is therefore
a natural and meaningful extension to that for smectic-A; further,
it is necessary to include the second order terms in a and ¢ above,
otherwise the special cases just mentioned do not collapse to the
smectic-A cases because an additional quadratic contribution would
have been overlooked.

To summarize, the total energy density for planar aligned smectic-
C in the geometry of Fig.1, ignoring surface contributions, is given
via (13), (19) and (20) as

W = Wy + Wy + Wp,
= $Bul — Ix.H” (cos(26)u? + sin? 0(1 — 2) — sin(26)u,u,)
+3Anul, + L(Bo+ A+ 202)“,2,,, + H(Bi~ 2(An + C1))ugqtiyy
+(B; — B3 + B3 + C2)uyyuzz + (BIS — C1)UzzUz,. (22)
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The results from (6) can be inserted into w in (22) to find that in
the limit 8 — 0 we obtain the related smectic-A bulk energy, namely,

Wsma = 3BuZ — IxaH 2 + 1K (ugs + uyy)?, (23)

which is discussed in [3,4,19]. Equation (23) is also the same energy
discussed by de Gennes [20] when changes in density are ignored (for
the magnetic field direction considered here). This further highlights
w to be a meaningful extension to smectic-C' from the smectic-A
theory for layer distortions.

We aim to employ periodic solutions which will be averaged over
the sample volume, thereby determining critical behaviour via a min-
imization process: this is the elementary approach adopted in [3,4].

PERIODIC SOLUTIONS

To simplify matters we assume that u = u(z, z), in which case the
energy density in equation (22) becomes

w = 1Bu?— Iy H? [cos(20)u? + sin®(6) — sin(20)uu,]
+ %Amui, + (B13 - Cl)uzzuzz- (24)

Now let
u = ug sin(kz) sin(gz2), g= g, (25)

where ug is a small constant. For periodic functions f, define the
average (f) by

(=75 [ fm)dm, (26)

where P is the period of f. After averaging over a sample of unit
length in y, we have

2
(w) = Ludk? [B (%) + Apk? — x H? cos(29)] - Ix.H?sin?(9).
(27)
Also, for the undistorted state, u = 0 and

(w(u = 0)) = —3xaH?sin?(0), (28)
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and so a comparison of energies gives
Alw) = (w(u)) - (w(u=0))

2
Lulk? [B (%) + Aigk? — x,H?cos(20)| . (29)

The above form for A(w) is reminiscent of that in [4, p.314]. The
critical field H, is found by minimizing A{w) over values of k and
then determining the least value of H above which A{w) will become
negative, indicating the system’s preference for adopting the distorted
variable solution u rather than the zero solution. The square bracket
in (29) can be minimized with respect to k to find that its minimum
occurs when k = k, given by

B
k3= \/A—mq' (30)

(Recall that A;5 > 0 by (6)). For this value of k we have
Aw) = Lu2k? [2 BA12q - x.H* cos(za)] . (31)

The critical magnetic field strength is then given by, using ¢ = 7,

XaHZcos(20) = 24/BAj, % = 2%%, (32)

A= \/%, (33)

can be introduced as a characteristic length scale to allow comparison
with known results for smectic-A.

The results from equations (8) and (9) can be inserted into (32)
and (33) to find that as § — 0 we have

K [K
2 _ P = —_—
xeH; =273, A=4/%, (34)

which is precisely the result in de Gennes and Prost [3] for the critical
field at the onset of the Helfrich-Hurault transition in smectic-4, K
being the usual splay constant in (11). This shows that the threshold

where
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derived in (32) naturally extends the result from the smectic-A case
to smectic-C.

DISCUSSION

The results presented here are consistent extensions of the results
which are known for the smectic-A phase, as indicated above: the
novel energy w introduced in (22) for layer distortions collapses to
the known energy for smectic-A given by equation (23), while the
critical threshold for the onset of layer distortions in smectic-C, given
by equation (32), collapses to the well known result for smectic-A as
@ — 0. The indications are that the onset of layer distortions in
smectic-C essentially involves a one-dimensional effect when an ob-
server looks at collections of layers: this is in contrast to the general
two-dimensional effects which can occur in the smectic-A phase [3,21].
Comparisons of these results with the work of McKay and Leslie [22],
Pleiner et al [23] and Blake and Virga [24] are currently in progress
while some preliminary results for smectic C* have been reported
recently [18].
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